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On the Role of Boundary Terms in the AdS/CFT Correspondence 

Pablo Minces''* 

'^Institute de Fisica Teorica, Universidade Estadual Paulista, 
Rua Pamplona 145, 01405-900, Sao Paulo, SP, Brasil 

We consider a scalar field theory on AdS, and show that the usual AdS/CFT prescription is unable to map 
to the boundary a part of the information arising from the quantization in the bulk. We propose a solution to 
this problem by defining the energy of the theory in the bulk through the Noether current corresponding to time 
displacements, and, in addition, by introducing a proper generalized AdS/CFT prescription. We also show how 
this extended formulation could be used to consistently describe double-trace interactions in the boundary. The 
formalism is illustrated by focusing on the non-minimally coupled case using Dirichlet boundary conditions. 



In recent years, and after the work by Malda- 
cena PP conjecturing the existence of a duality 
between a supergravity theory on Anti-de Sitter 
(AdS) space and a conformal field theory (CFT) 
living at its boundary, a large amount of work has 
been devoted to get a deeper understanding of the 
so-called AdS/CFT correspondence. In particu- 
lar, it was given a prescription which explicitly 
maps one theory into the other [2][3. It reads 



-m) 



^CFT[<PO\ 



= { cxp 



on 



(1) 



where rf + 1 is the dimension of the AdS space, 
and (j}o is the boundary value of the bulk field (j) 
which couples to the boundary CFT operator O. 

Throughout this paper, we will focus on the 
formulation of a massive, non-minimally coupled 
scalar field theory on AdS. We will show the ex- 
istence of some unsolved difficulties and suggest 
possible solutions to them. We begin by consid- 
ering the action 



Jd+l 



(2) 



where R is the Ricci scalar corresponding to 
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AdSd+\i a-iid it is a constant. Here q is an ar- 
bitrary coupling coefficient. 

In particular, we will be concerned with old 
and well-established results regarding the quanti- 
zation of the above theory in global coordinates. 
It is known that there exist two possi- 

ble quantizations involving two different normal- 
izable modes, namely, regular and irregular ones. 
They behave close to the boundary as 



;A+(e) 



(3) 



where correspond to regular and irregular 

modes respectively, e is a measure of the distance 
to the boundary which is considered to be small, 
and 



A±(e) 
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+ qR 
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One important result in 0][5] is that irregular 
modes are normalizable only for 



< v{q) < 1 



(6) 



In addition, the energy for irregular modes is con- 
served, positive and finite only when the following 
constraint is satisfied 
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Since there are two possible quantizations in 
the bulk, we expect to find two different bound- 
ary CFT's, corresponding to the conformal di- 
mensions A_|_(gi) and A_(p). However, the pre- 
scription Eq.lQJ reproduces only A^{g). Note, 
also, that A+{g) is bounded from below by | , 
which is more stringent than the unitarity bound 
. In order to also account for the missing con- 
formal dimension A_(p), the proposal in j7j was 
that its generating functional could be obtained 
by performing a Legcndre transform on the orig- 
inal one corresponding to the conformal dimen- 
sion A+{g). Thus, starting from the generating 
functional in momentum space corresponding to 



r(^.) 
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where k =\ k |, and performing the Legendre 
transform [7] 

s[4>o,4>o] = s[(I)q] 



(9) 



where a is a coefficient, we arrive at 



4 r(i 
d'^k 
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(10) 

It was verified in [7] that the above generating 
functional gives rise to the missing conformal di- 
mension A-{g). 

However, there still remain some problems to 
be considered 50] Jl]- of them is that the 

Legendre transform Eq.® does not reproduce 
any of the constraints Eas. Ht)l7|l . And the another 
difficulty is that Eq.© does not work for z/ = 0, 
due to the presence of a logarithmic term in the 
generating functional [Tn|. 

In order to find a way out of these problems, 
we follow and propose to consider a modi- 
fied formulation of the scalar field theory on AdS 



and in the AdS/CFT correspondence. We be- 
gin by focusing on the definition of the energy. 
Note that the usual definition using the stress- 
energy tensor, as in is not sensitive to the 
addition of boundary terms to the action , un- 
like what happens to the AdS/CFT prescription 
Eq.(^.^ So, it seems natural to consider, at least 
in the AdS/CFT context, a new definition of en- 
ergy which, unlike the usual one, is sensitive to 
the addition of boundary terms. Then, the natu- 
ral choice is to define the energy as the 'conserved' 
charge which is constructed out of the Nocther 
current corresponding to time displacements in 
global coordinates. We shall refer to it as the 
'canonical energy', which is to be contrasted with 
the usual 'metrical' one. Note that, unlike the 
metrical energy, the canonical energy is sensitive 
to the addition of boundary terms to the action, 
a property inherited from the Noether current. 

In order to perform the calculations, we con- 
sider the following action 



+ {r 



d'^x VhK 6^ 



(11) 



where h^i, is the induced metric at the bound- 
ary, and K is the trace of the extrinsic curvature. 
Note that the above action differs from Eq.Q 
only by a surface term which makes the action to 
be stationary under infinitesimal variations of the 
metric. Such term is, in fact, the natural exten- 
sion of the usual Gibbons-Hawking term ^7]. By 
performing an infinitesimal variation of the scalar 
field, it can also be verified that / is stationary 
under Dirichlet boundary conditions which fix the 
scalar field at the boundary. Throughout this pa- 
per we will consider, with illustrative purposes, 
only Dirichlet boundary conditions, but in fact 
more complicated cases, such as Neumann and 



^The relevance of the addition of boundary terms to tlie 
action in tlie AdS/CFT context was previously empha- 
sized in the cases of the spinor field 1121 (were the bound- 
ary term proposed in |12l was later computed using the 
Variational Principle I13II14I ). the antisymmetric tensor 
field [ly and the Self-Dual model llbl . Discussions using 
the Hamiltonian formalism can be found in 1131 
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diverse mixed boundary conditions, can also be 
analyzed [TnHIIlIIH]. 

It can be shown that, to perform a quantization 
which takes into account the canonical energy in- 
stead of the metrical one, gives rise to the fol- 
lowing condition for the propagation of irregular 
modes in the bulk (II] 

.= ^A_(,). (12) 
It has two possible solutions 



8d 



1± 




(13) 



The constraint Eq. (|12|) is to be contrasted with 
the usual one Eq.([7||. Note that, in the particular 
case m = 0, g~ vanishes, whereas reduces to 
the critical value ^jj- for which the stress-energy 
tensor becomes traceless. This means that, in 
particular, Weyl-invariant theories in the bulk al- 
low for irregular modes to propagate. 

Once we have considered modifications in the 
formulation in the bulk, the next step is to intro- 
duce a generalized AdS/CFT prescription which, 
in particular, is able to reproduce the constraint 
Eq.®, together with the new one Eo. lfT^ . We 
will consider a modified prescription of the form 

nnmn 

exp(-/Ads[/o]) 



exp 



d^x 0{x) foix] 



(14) 



where the source fo which couples to the bound- 
ary conformal operator depends on the bound- 
ary conditions (in the particular Dirichlet case 
that we are considering in this paper, /o reduces 
to 00 )■ In addition, we will introduce a gener- 
alized Legendre transform prescription in which 
the Legendre transform is performed on the whole 
on-shell action, rather than only on the leading 
non-local term, as in Eq.®. We do so because 
the operations of expanding the on-shell action 
in powers of the distance to the boundary and 
then selecting the leading non-local term, and of 
performing the Legendre transformation, are not 
commuting operations. Thus, the modified Leg- 
endre transform prescription schematically reads 



El 
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We emphasize that the above prescription con- 
tains information, in particular about Eas. l6ll2() . 
that is being missed in the usual prescription 
Eq.lO. Once the modified Legendre transform 
has been performed, we should also include in our 
analysis the 'conjugated' prescription of Ea. H14|l . 
which reads 



exp (^-lAdsifo 

exp ( [ d^x d{x) /o(f) 



(16) 



Following standard calculations in Euclidean 
Poincare coordinates, it can be shown that the 
generalized prescription Eas. (|14ll5ll6|l gives rise, 
in a natural way, to the constraints Eas. H6ll2|l 
(see 21] for details). In fact, in such situation 
the divergent local terms of the on-shell action 
cancel out, the addition of counterterms is not re- 
quired, and the Legendre transform interpolates 
between different conformal dimensions, namely 
^+{q) ^-nd A_(^)), as expected. 

Thus, we have considered two calculations 
which, at first sight, may seem very different of 
each other. One of them performs the quantiza- 
tion of the scalar field in global coordinates using 
the canonical energy instead of the usual metrical 
one, and the another one is concerned with calcu- 
lations using the modified AdS/CFT and Legen- 
dre transform prescriptions. The fact that both 
formulations give rise, in a natural way, to pre- 
cisely the same constraints Eas. H6ll2(l . could be 
considered as a strong evidence in support of our 
formalism. Further details on this subject can be 
found in [TT] . 

Another purpose of this paper is to show how 
this modified AdS/CFT prescription could be 
used to consistently describe double-trace pertur- 
bations at the boundary. It has recently been 
suggested 0^11101 that deforming the boundary 
CFT by double-trace operators gives rise to a new 
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perturbation expansion for string theory which is 
based on a non-local worldsheet. This raises the 
question of how to perform explicit calculations in 
the AdS/CFT context including double-trace per- 
turbations. The proposal in 21 22 is that multi- 
trace operators can be incorporated by generaliz- 
ing the usual Dirichlet prescription which is con- 
sidered in the case of single-trace operators. In 
analyzing the case of a conformal operator of con- 
formal dimension A = d/2, it has been shown in 
PTi , that a generalized boundary condition gives 
rise to the correct renormalization formula for 
the coupling of the double-trace interaction. Fur- 
ther developments have also been introduced in 
E3Ell2SlEniE3I2H||2iE31. The conjecture in 
[22 [22 that double-trace interactions change the 
boundary conditions of fields strongly suggests 
that the formalism developed in JOICJ could 
be a natural frame to incorporate double-trace 
perturbations in the AdS/CFT correspondence. 
Such topic has been discussed in 18: . With il- 
lustrative purposes, we will here keep considering 
the situation of a Dirichlet boundary condition 
in the non-minimally coupled case. We will re- 
late the coupling coefficient of the double-trace 
perturbation to the addition of specific boundary 
terms to the action. In this particular case, the 
natural extension of the Gibbons-Hawking term, 
as seen in Ea. Hll|l . will be generated. 

We introduce a perturbation at the boundary 
by a double-trace operator of the form 



W[0] 



(17) 



where is the coupling coefficient. Following the 
ideas in [IUHHIj the perturbed generating func- 
tional can be written as jJHI 



(2^ 



-ik-(x—y) 



F{ke) 



1 -t- l3{ke)F{ke) 



(18) 



where e is a measure of the distance to the bound- 
ary which is considered to be small, and 



Tp(i \ d , 1 K^+i{ke) 
F{ke) = - + u-ke^^-^ 



(19) 



Here is the modified Bessel function. Follow- 
ing we are including all local and non-local 
terms in the action, and introducing a dependence 
of (3 on e. This is needed for consistence. For 
/3 = 0, Ea. H18() reduces to the usual result. In 
addition to Ea. H18() . we should also include its 
Legendre transform in all calculations. 
Now setting 



(3{ke) 



2gd 1 
F(fce) F{ke) - 2gd 



(20) 



and introducing this into Ea. (|18l) . we reproduce 
precisely the same functional as the one com- 
puted in mi when considering a Dirichlet bound- 
ary condition in the non-minimally coupled case. 
Then, the above double-trace perturbation gener- 
ates the natural extension of the usual Gibbons- 
Hawking term, as seen in Ea. ljllll . In particular, 
notice from the above equation that /? diverges 
precisely when the constraint Ea. (|12() is satisfied 
and irregular modes propagate in the bulk. This 
is the same situation for which the divergent local 
terms in the action cancel out, and the Legendre 
transform interpolates between different confor- 
mal dimensions. In particular, this result is con- 
sistent with the statement in [21] that, as the cou- 
pling grows, the system approaches the condition 
that is suitable for quantization to get a field of di- 
mension A_. For further details, and the analysis 
of other possible boundary conditions, see . 

Thus, we have shown that the formulation in 
|llj consistently incorporates double-trace oper- 
ators into the AdS/CFT correspondence, and 
we have also related the coupling coefficient of 
the double-trace perturbation to the constraints 
Eas. H6ll2l) which arise when performing the mod- 
ified quantization in the bulk, and to the addition 
of specific boundary terms to the action. 
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